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Abstract 

This paper is devoted to studying the following two initial-boundary value prob- 
lems for semilinear wave equations with variable coefficients on exterior domain with 
subcritical exponent in n space dimensions: 

u u -di(a ij (x)d j u) = \u\ p , (x, t) G W x (0, +00), n>3 (0.1) 

and 

u tt ~ di(a,ij(x)dju) = \u t \ p , (x, t) G Fl c x (0, +00), n > 1. (0.2) 

where u = u(x, t) is a real-valued scalar unknown function in VL C x [0, +00), here 51 is a 
smooth compact obstacle in R n , fl c is its complement, n > 3 for (|0.1[) and n > 1 for 
(|0.2j) . here {o,ij(x)}f - =1 denotes a matrix valued smooth function of the variable a; G Sl c , 
which takes values in the real, symmetric, n x n matrices, such that for some C > 0, 

C' 1 ^ 2 < a tJ (xM 3 < C\£\ 2 , Ve G R n , x G f! c , 

here and in the sequence, a repeated sum on an index is never indicated, and 

) — when \x\ > i?, 

where 5y stands for the Kronecker delta function. 

The exponents p satisfies 1 < p < pi(n) in (|0.1[) . and p < p^in) in (|0.2I) . where 
Pi(n) is the larger root of the quadratic equation (n — l)p 2 — (n + l)p —2 = 0, and 
P2{n) — + 1, respectively. It is well-known that the number pi(n) is the critical 
exponent of the semilinear wave equation (jO.lj) . while P2,{n) is the critical exponent of 
dO l. 

We will establish two blowup results for the above two initial-boundary value prob- 
lems, it is proved that there can be no global solutions no matter how small the initial 
data are, and also we give the lifespan estimate of solutions for above problems. 
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1 Introduction 



In this paper, we will consider the blow up of solutions of the initial-boudary value 
problems for the following two semilinear wave equations on exterior domain: 

Utt — di(dij(x)dju) = \u\ p , (x,t) G S7 C x (0, +00), n > 3, 
< u{0,x) = ef(x), u t (0,x) = eg(x), x G Sl c , (1.1) 
, u(t,x)\ d n = 0, for t > 0, 



u u - di(aij(x)dju) = \u t \ p , (x,t) effx (0, +00), n > 1, 
< u(0,x) = ef(x), u t (0,x) =eg(x), x G S7 C , (1.2) 
, u(t,x)\aa = 0, for i > 0, 

where A(x) = {a,ij(x)}2j = i denotes a matrix valued smooth function of the variable x G Sl c , 
which takes values in the real, symmetric, n x n matrices, such that for some C > 0, 

C- l \i\ 2 < aij (x)^ < C\Z\\ V£ G R n , x G ft c , 

here and in the sequence, a repeated sum on an index is never indicated, and 

) = 5ij, when \x\ > R, 

where 6™ stands for the Kronecker delta function. O is a smooth compact obstacle in R n , 
£l c is its complement, n > 3 for (jl.ip and n > 1 for (jl . 2[) . Without loss of generality, 
we assume that S O CC Br, where Br is a ball of radius R centered at the origin and 
supp{f,g} C Br. We consider dimensions n > 3 and exponents p G (l,pi(n)) for problem 
(jl.ip . and dimensions n > 1 and exponents p < P2(n) for problem (jl.2p . where pi(ra) is the 
larger root of the quadratic equation (n — l)p 2 — (n + l)p — 2 = 0, and P2(n) = + 1, 
respectively. The number p\{n) is known as the critical exponent of the semilinear wave 
equation (|1.1|) (see, e.g., [23J) and the number P2(n) is known as the critical exponent of 
the semilinear wave equation (j 1 . 2 [) (see, e.g., [33J ) . And we consider compactly supported 
nonnegative data (f,g) G if 1 (Sl c ) x L 2 (f2 c ) for problem (jl.ip and f,g£ Qf^fT) for problem 

If a<ij = 5ij, we say problems (jl.ip . (jl.2p are of constant coefficients. In the case of 
cauchy problems of subcritical semilinear wave equation with constant coefficients, there is 
an extensive literature which we shall review briefly, for details, see HI El [TOj, [Til E21 

[laijjiiEaEaiMiEaEa 

For the problem (jl.ip with constant coefficients, the case n = 3 was first done by F. John 
[8] in 1979, he showed that when n = 3 global solutions always exist if p > pi(3) = 1 + \/2 
and initial data are suitably small, and moreover, the global solutions do not exist if 1 < p < 
pi(3) = 1 + \/2 for any nontrivial choice of / and g. The number pi(3) = 1 + \[2 appears to 
have first arisen in Strauss' work on low energy scattering for the nonlinear Klein-Gordon 
equation [22J. This led him to conjecture that when n > 2 global solutions of (jl.ip should 
always exist if initial data are sufficiently small and p is greater than a critical power pi(n). 
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The conjecture was verified when n = 2 by R. T. Glassey [5]. In higher space dimensions, 
the case n = 4 was proved by Y. Zhou [32] and V. Georgiev, H. Lindblad and C. Sogge [3] 
showed that when n > 4 and pi(n) < p < , has global solutions for small initial 

values (see also [13] and [26J). Later, a simple proof was given by Tataru [26] in the case 
p > pi(n) and n > 4. R. T. Glassey [1J and T. C. Sideris [19] showed the blow-up result 
of 1 < p < pi(n) for n = 2 and all n > 4, respectively. Sideris' proof of the blow up result 
is quite delicate, using sophisticated computation involving spherical harmonics and other 
special functions. His proof was simplified by Rammaha [15] and Jiao and Zhou [TJ. In 
2005, the proof was further simplified by Yordanov and Zhang [27] by using a simple test 
function, also, more importantly they use their method to establish blowup phenomenon for 
wave equations (|1.1|) with constant coefficients and a potential. On the other hand, for the 
critical case p = pi(n), it was shown by Schaeffer [46J that the critical power also belongs to 
the blowup case for small data when n = 2, 3 (see also [231 EH ED] ) • B. Yordanov, and Q. S. 
Zhang [28] and Y. Zhou[34j independently have extended Sideris' blowup result to p = pi(n) 
for all n > 4 by different methods respectively. 

For the problem (jl.2p with constant coefficients, the blowup part was first proved by 
F. John [9] and the global existence part was first obtained by T.C. Sideris [20] in the case 
n = 3, and both by J. Schaeffer [T7J in the case n = 5. The blow-up part in the case n = 2 
was proved by Schaeffer [TS] for p = P2(2). Later, R. Agemi [T] proved it for 1 < p < p2{2) 
by different method from [18] . The case n = 1 is essentially due to K. Masuda [13] who 
proved the blowup result in the case n = 1,2,3 and p = 2. In higher space dimensions, M. 
A. Rammaha [15] proved the blow-up part of n > 4 in the case where p = P2(n) for odd n 
and 1 < p < P2(n) for even n. A simple proof of blowup part was later given by Y. Zhou 
[33]. 

Recently, K. Hidano et. al [6] has established global existence for problem (jl.ip with 
p > pi(n) and n = 3,4. For related result, one can see Sogge and Wang's work [21]. However, 
to the best of our knowledge, there are no blowup results concerning initial-boundary value 
problems for semilinear wave equations with variable coefficients on exterior domain. In this 
paper, we shall establish blowup results for the initial-boundary value problem for subcritical 
values of p. We shall also estimate the lifespan T(e) for small initial data of size e. Our result 
is complement to the global existence result of K. Hidano et. al [6]. For the problem (jl.ip . 
we obtain our result by constructing two test functions 4>q and ip\ (see Section 2), which is 
motivated by the work of Yordanov and Zhang [27] . For the problem (|1.2p , we still use the 
test function ipi and by introducing an auxiliary function Go(t) (see Section 4), we reduced 
the problem to a Ricatti equation. This proof is new even in the constant coefficients case. 

We are interested in showing the "blow up" of solutions to problems (jl.ip and (|1.2p . 
For that, we require 

l<p<pi(n) for dUT]), and p < p 2 (n) for (1.3) 

where pi(n) is the larger root of the quadratic equation (n — l)p 2 — (n + l)p — 2 = 0, and 
P2{n) = + !• We are also interested in estimating the time when "blow up" occurs. For 
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initial data of the form 

u(0,x) = ef(x), u t {0,x) = eg(x), (1.4) 

with constant < e < 1, smallness can be measured conveniently by the size of e for fixed 
/, g. We define "life span" T(e) of the solutions of (jl.ip or (|1.2p to be the largest value such 
that solutions exist for i 6 ff, < i < T(e). 

For problem (1.1), we consider compactly supported nonnegative data (/, g) £ i? 1 (O c ) x 
L 2 (S7 C ), n > 3 and satisfy 

f(x) > 0, g(x) > 0, a.e., f(x) = g(x) = 0, for \x\ > R, and f(x) £ 0. (1.5) 

We establish the following theorem for (|1.1|) : 

Theorem 1.1. Let (f,g) G H 1 (ft c ) x L 2 (£2 C ) and satisfy (jl.5p . 90 is smooth, and O satisfies 
the exterior ball conditions, space dimensions n > 3. Suppose that problem (1.1) has a 
solution (u,u t ) € C([0,T), H l {Q c ) x L 2 (O c )) suc/i tfiat 

supp(u, u t ) C {(x, i) : \x\ < t + R} n (O c x i? + ). 

If 1 < p < pi(n), then T < oo, and iaere exists a positive constant A\ which is independent 
of e such that 

2p(p-l) 

T(e) < ^4l£ 2+(n+l)p-(n-l)p^ . (1.0) 

Remark 1.1. Exterior ball condition may not be necessary, but in certain point of our 
proof, we use strong maximum principle for the elliptic equation, so this condition is needed 
technically. 

For problem (|1.2|) . we consider compactly supported nonnegative data f,g G Cg°(fi c ), 
n > 1 and satisfy 

/(a?) > 0, g{x) > 0, f{x) = g(x) = 0, for |x| > R and g{x) ^ 0. (1.7) 
Similarly, we establish the following theorem for (|1.2|) : 

Theorem 1.2. Lei /, 5 are smooth functions with compact support f,g £ C^°(f] c ) and 
satisfy (|1.7p . space dimensions n > 1. Suppose that problem (1.2) has a solution (u,ut) G 
C([0,T), H 1 ^ ) x L"(O c )) , w/iere g = max(2,p) suca i/iai 

supp(u, ti t ) C {(x, i) : |x| < t + i?} n (O c x i?+). 

If P < P2(n), then T < 00, moreover, we have the following estimates for the life span T{e) 
of solutions of (jl.2p : 

(i) If (n — l)(p — 1) < 2, then there exists a positive constant A2 which is independent of e 
such that 

T(e) < ^ 2e ~i-(»- P iKP-u/2 . (1.8) 

(ii) If (n — l)(p — 1) = 2, i/ien i/iere exisi a positive constant B2 which is independent of e 
such that 

T{e) < exp{B 2 e- (p - 1) ). (1.9) 
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The rest of the paper is arranged as follows. We state several preliminary propositions 
in Section 2, Section 3 is devoted to the blowup proof for our Theorem 1 1 . 1 1 and we prove the 
Theorem 11,21 in Section 4. 

2 Preliminaries 



To prove the main results in this paper, we will employ the following important ODE 
result: 

Lemma 2.1. (see JM/) Let p > I, a > I, and (p - l)a > q - 2. If F G C 2 ([0,T)) satisfies 

(1) F(t) > 5(t + R) a , 

(2) ^>k{t + R)-«[F{t)r, 

with some positive constants 5, k, and R, then F(t) will blow up in finite time, T < oo. 
Furthermore, we have the the following estimate for the life span T(5) of F{t) : 



T{5) < CS (p-l)a-9+2 , 

where c is a positive constant depending on k and R but independent of 5. 



(2.1) 



Proof. For the proof of blow up result part see Sideris [TU] . We only prove the estimate of 
the life span of F(t) as following: 

(p-i) 

Let us make a translation r = t5 (p- 1 )°-<j+ 2 and define 

(1-2) -(p-1) 
H(t) = 5 (P- 1)"-9+2 Fit) = (J(P-l)a-9+2 F( T 8(v-i)a-q+2\ 



then we have 

H(t) > (5(p-i P )«.-9+2 + r ) a , 

H"{t) > c («5(p-i P )--9+2 + t)-iHP(t), 
where c is a positive constant. 

(p-l)q-q + 2 

So when 5 < R p- 1 , easy computation shows that 

H{t) > T a , 

h"{t) > c(R + T)-mp(T). 



(2.2) 



(2.3) 



So H(t) will blow up in finite time and the life span of F(t) satisfies ()2.ip . This completes 
the proof. □ 



Lemma 2.2. There exists function (fro(x) G C 2 (£l c ), space dimensions n > 3, satisfying the 
following boundary value problem: 



di(aijdj4>o{x)) = 0, in Q c , n > 3, 

00 \dQ = 0, 

|x| — > OO, 0o(^) - ^ 1- 

Moreover, 4>q{x) satisfies: for V x G J7 C , < (/>o(x) < 1. 



(2.4) 
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Proof. To solve 0q(x), let 0o be solution for the following boundary value problem on 
exterior domain: 



di(aijdj4>o(x)) = 0, in Q c , n > 3, 

4>o\an = -1, 

\x\ — > oo, 0o(^) ~~ ^ 0) 



(2.5) 



this problem is well-posed, it has unique solution <t>o{x), and by maximum principle, we can 
easily obtain — 1 < (f>o(x) < 0, for Vx G f2 c , then we can easily check that 0o(aO = 1 + 0oO c ) 
satisfy the boundary value problem (|2.4p , This proves the existence of 0o in fj2.4j) and satisfies 
< (po(x) < 1 for V x G f2 c , n > 3. The proof is complete. □ 

Similarly, we have the following: 

Lemma 2.3. There exists a function 0i(x) G C 2 (f2 c ) ; space dimensions n > 1, satisfying 
the following boundary value problem: 



di(aijdj<f>i(x)) = (pi, in Q c , n > 1, 
0i \dn = 0, 

|x| — > oo, </>i (x) -> / e x ' LU duj. 

J S"- 1 



(2.6) 



Moreover, 0i(x) satisfies: there exists positive constant C\, for Vx G f2 c , < 0i(x) < 
Citl + lxl)-^- 1 )/ 2 -eK 



Proof. To solve 0i(x), let 0i be solution for the following boundary value problem on 
exterior domain: 



di(aijdj4>\(x)) = 0i(x) — w(x), in f2 c , n > 1, 
0i|en = -h(x)\aQ, 
\x\ — > oo, 0i(x) — ^ 0, 



(2.7) 



where h(x) = / e x ' u dui, w(x) = di((aij — 5{j)djh), since the function h satisfies Ah = h, 

so by the condition of aij(x), we get w{x) G C£°(fJ c ), so by the theory of second order elliptic 
partial differential equation, the problem (|2.7p is well-posed, it has unique solution 0i(x), 
then we can easily check that 0i(x) = h(x) + <j)i(x) satisfies the boundary value problem 
(|2.6p . this proves the existence of <f>\ in (|2.6j) . To derive the estimate of 0i(x) in Q c , we 
rewrite the boundary value problem (|2.6p as the following form: 



—di(aijdj4>i(x)) + 0i (x) = 0, in £l c , n > 1, 
01 be = 0, 

|x| — > oo, 0i(x) — > fo(x). 



(2.8) 
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So by maximum principle, we can easily get 

01 (x) > 0, for V x e U c . (2.9) 

Next we analyze 4>i(x) in order to get the estimation of 0i(x), we will prove that 4>i(x) is 
bounded by some positive constant C, that is, 1 4>x (x) \ < C for Vx£ f2 c . Here and hereafter, 
we shall denote by C(or c) a positive constant in the estimates, and the meaning of C (or 
c) may change from line to line. 

For this purpose, we rewrite problem (|2.7p as follows: 

( —di(aijdj(pi(x)) + <fii(x) = w(x), in Q c , n > 1, 
<f>i\dn = -h( x )\dci, 

0. 



(2.10) 



■r 



oo, 



)1 XI 



For the purpose of employing the maximum principle, we denote C = max \ h(x)\ + 
max\w(x)\ > 0, because the function w(x) is compactly supported function in Sl c , so the 
above expression C is well defined. By the maximum principle, we can get the upper bound 
of 4>i(x) as follows: 

We rewrite the equation of <fii(x) as following: 



-d i (a ij d j ((i> 1 ( x )-C)) + (M x )-C) = w(x)-C <0, infl c , n > 1, 
(0~i - C)\dn = (-h(x) - C)\ m < 0, 
|x|^oo, (0i(x) - C) -»• -C < 0. 



(2.11) 



So we apply maximum principle to (0i(x) — C) , we can obtain for Vx G f2 c , </>i(x) — C < 0, 
that is, 0i (x) < C, in Q, c . 

In a similar way, we can get — 4>\{x) < C, in O c . 

Thus we conclude that |0i(x)| < C for any x G O c . 
Hence we have for Vx £ Q c , 

^(x) = + /j( x ) < C + /i(x) < C"/i(x) < C x (l + Ixl)-^" 1 )/ 2 ■ eK (2.12) 

This together with (|2.9p implies that 0i(x) satisfies 

< 0i(x) < Ci(l + Ixl)-^- 1 )/ 2 -eW, mU c , n > 1. (2.13) 

This proves Lemma 12.31 □ 

In order to describe the following lemmas, we define the following test function 

ifa(x,t) = 0i(x)e~*, Vieff, t>0. (2.14) 

We have 

Lemma 2.4. Lei p > 1. Assume that (j>\ satisfy the conditions in Lemma \2.'3i ipi(x,t) is 
as in (gHH) . T/ien /orVi> 0, 

/ [V>i(:M)F /(p ~ 1) dx < C(i + i^-M^-iy^ 

where p' = p/(p — 1) and C is a positive constant. 
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Proof. Let I(t) be the integral in Lemma 12.41 by the property of (j>i(x), we have 

[^(z,t)] p/(p-1) dz 

Jn c r 

p/(p-i) 



/ 



[0 1 (x)e- t ] p/(p " 1) ^ 



< 



< 



n{|z|<t+R} 



Ci(l + |a;|)-( n - 1)/2 -e |x| 



{\x\<t+R} L 



p/ip-i) 



(2.15) 



JO 

where p' = p/{p — 1) and S"™ -1 is the unit sphere in l? n . It is sufficient to show that 



/•t+R 

I(t) < Ce- tp ' / (1 + r )»-l-(»»-l)l>7a . e A dr < ^(t + fl )n-l-(f»-l)|//2 i ( 2 .16) 
JO 

This estimate is evident after splitting the last integral into two parts, that is, 



f+R 



(1 + r )n-i-(»-iy/2 . e P'^r 



(t+R)/2 /-t+R 
+ / 

ii J(t+R)/2 



(1 + r )n-l-(n-l)j//2 . e p'r dr 

(2.17) 



/•(t+R)/2 nt+H)fZ 

/ (1 + r )«-i-(»-iy/2 . e P'^ r < (1 + t + / e P' r dr 

Jo JO 

= (1 + t + 12)9! • I ( e P'(*+«)/2 _ 1 



»(*+-R)/2 



< (1 + t + 12)9! • _L e P'(*+«)/2 = £_^ (1 + t + 12)9i e P'*/2 j 
p' p' 



where gi = max(0, n — 1 — (n — l)p'/2), and 



/ (1 + r )»-l-(»-l)l>72 . e PV dr < 2 - g2 (i + t+ fl )n-l-(n-iy/2 / 

J(t+R)/2 J (t+R), 



e pr dr 



2-92(1 + i + #)n-l-(n-iy/2 . _|_ ( e p'(t+R) _ e f'(t+R)/2 



(t+R)/2 
1 

P' 



2^12 e p'R 

< ; (1+t + fl) 

p' 



n-l-(n-iy/2 e p't 



where §2 = min(0,n — 1 — (n — l)p'/2). 
This proves Lemma 12.41 



□ 
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Lemma 2.5. Let p > 1. Assume that 4>q and <j)\ satisfy the conditions in Lemma \2.2\ 
and Lemma \2.3l respectively, ipi(x,t) is as in (|2.14p . dQ and £1 satisfies the conditions in 
Theorem \l.l[ Then for V t > 0, 



/ 

J 9. 



[^(xJJ-VCp- 1 ) • [fo{x, tyf'^dx < C(t + i2) n-i-(n-iy/2 ! (2 _ lg) 

n c n{\x\<t+R} 

where p' = p/(p — 1) and C is a positive constant. 

Proof. To estimate the integral in Lemma 12.51 we split it into two parts as follows 

n c n{\x\<t+R} 

= [ [M^T 1 ^^ ■[Mx,t)] p/{p ~ 1) dx+ [ [<p Q (x)}- l ^ p -^ -[^{x^f'^dx 

Jn c nB R J B c R n{\x\<t+R} 

= h(t) + h(t). 

(2.19) 

We will estimate Ii(t) and hit) separately. 

First let us estimate hit). Since for V x G il c , < </>o(x) < 1? we remark that there 
exists a constant c G (0, 1), such that when x G _B£. n < t + R}, </>o(x) > c. By Lemma 
2A\ we have 

i 2 (*) =/ [MxT 1 ^ -IMx^W^dx 

J B c a n{\x\<t+R} 



(2.20) 



< / c -V(p-i) . [^(x^f/^dz 

< c -l/(p-l) / [^(x^f/^dx 
Jf7 c n{|x|<t+R} 

< C - 1 /(P-1)C(* + i?)n-l-(r l -lV/2 ) 

= ^(t + i?)™- 1 -^- 1 ^ 72 . 

Next we estimate /i(i). On the one hand, because of smoothness of 4>iix), the first 
derivative of </>i(x) is bounded in f2 c n Br, this lead to </>i(x) = </>i(x) — </>i(y) < C3IZ — y\, 
for V y G 517. Therefore by taking the infimum on d£l we have, 

|0i < C 3 diat(x, dfl). 

On the other hand, (ftoi x ) obeys the maximum (minimum) principle, and assumes its mini- 
mum value (zero) on d£l, since O satisfies exterior ball condition, so by [2j Hopf's Lemma, 
p. 330], it follows that, for any y G d£l, there exists an open ball Be ff with y G dB, then 
we have, for any y G d£l, 

f%)>0, (2.21) 
ov 
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where v is the inner unit normal to U c at y. By the compactness of dQ, we have, for V y G dQ, 
we have 

> c > o, 

where C* is a positive constant. 

For V x £ fi c fl .Br, there exists a y G 50 such that (x — y)//u(y), i.e., = ^(y), 

z^(y) is the outer unit normal to <9fi at y. So we have 

v0o(y) • i r = — a — > c *> °> 

|x — y| ou 



■o(x) - <f> (y) = / V(po(sx + (1 - s)y)ds ■ (x - y) 
Jo 

f 1 ( x — y) 

I V(f> (sx + (1- s)y)ds ■ r-\x-y\, 

Jo \ x ~ v\ 



(2.22) 



by the continuity, for V x G Vt c PI i?R and |x — y| <C 1, we know that (sx + (1 — s)y) is 
sufficiently close to y, so we can guarantee that 

V0 o (sx + (1 - s)y) ■ ^4 ^ ^* > °- 
|x — y| 2 

So there exists a positive constant £o > such that the above expression holds for V x G 
Sl c n i?R and dist(x, dfl) < eo- 

We discuss in the following in two cases respectively: 
One case is that for x G $7 C n Br, and dist(x, dfl) < £q, we have 

|<Mz)l > h C *\ x ~y\^ ^C*dist(x,dn). (2.23) 

The other case is that when x G ft c Pi -Br , and dist(x,dfl) > eo, on the one hand, by the 
property of the function 4>o(x), there is a positive constant C\ G (0, 1), such that 

4>o{x) > ci > 0, 

on the other hand, for iffffl -B^ , there definitely exists a positive constant d > such 
that dist(x, dfl) < d, so we have 

, ^ X \^ > > % = c" > 0, for x G ft c n and dist(x, dtt) > e , (2.24) 

dist(x, oil) d d 

that is 

<^o(^) > d'dist(x,d£l), 

where c" is a positive constant. 

So combining the above two cases, for V x G Sl c P -Br, we have 

0o(a^) > C**dist(x,dfl), 
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where C** is a positive constant. 
Hence, we have 

h(t) =[ [M^}' 1/(p ~ 1] -[M^t)] p /^dx 

Jn c nB R 

< f [C^]-V^- x \dist(x,dn)}- 1 / { > p -V ■ [fafatW/tr-Vdx 
Jn c nB R 

= [ [C^-^-Vldist&dn)]- 1 /^ .e-^'lfa^f/^dx 
Jn c nB R 

< f [C^]^^ 1 \dist{x,dn)}- 1 ' { P-^ ■e- tp 'cl / ^~ 1) [dist{x,dtt)] p f { P- v >dx 

= e- tp ' I [C^-^-VCl'^distix^dtydx 
Jn c nB R 

= Ce- tp ' [ dist(x, dtydx < C^~ tv \ 
Jn c nB R 



c nB R 

where p' = p/(p — 1). 
So we conclude that 



(2.25) 



(2.26) 



[00 (x)r 1/(p ~ 1} • [Mxi-t)\ P,(p ~ 1] dx 

n c n{\x\<t+R} 
= h{t) + I 2 {t) 

< C 4 e- tp ' + C 2 (t + R)n-l-(n-l)p'/2 

< C^t + R)" 1 - 1 -^- 1 ^'/ 2 , 

where C5 is a positive constant. The proof is complete. □ 

Lemma 2.6. Let p > 1. Assume that <p\ satisfies the conditions in Lemma \2.cH ipi(x,t) is 
as in ([27HD . Then for V t > 0, 

[ ^idx < Cit + R)^/ 2 , (2.27) 

Jn c n{\x\<t+B} 

where C is a positive constant. 

Proof. We note that for V t > 0, ipi(x,t) = e~ t (pi(x), and since for V x £ f2 c , < 
<f>i (x) < CiOL + lxQ-t 71 - 1 )/ 2 ^!, we can get that there exists a positive constant Cq such that 
< cpi{x) < C & \x\-^- l ^ 2 e\ x \ for any x E ft c . 
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So we have 



n{\x\<t+R} 



ipidx 



e (j)i(x)dx 



n c n{\x\<t+R} 

< [ e-*-C 6 |xr (n ~ 1)/2 el x lda; 
Jn c n{\x\<t+R} 



< I e~ l -C 6 \x\- {n - 1)/2 e^dx 

>{\x\<t+R} 



I 

J{\x 

C & e-t [ 
Jo 



t+R r rt+R 

r (n-l)/2 e r . r n-l dr j ^ = j g r . r (n-l)/2 dr 



n-l 







C 7 e~ 



r (n-l)/2\t+R 



e r 



t+R 



< C 7 e' l e t+R {t + i?)^- 1 )/ 2 = C 7 e R (t + i?)^ 1 )/ 2 = C 8 (t + R)^ 1 ^ 2 . 

(2.28) 

This completes the proof. □ 

3 The proof of Theorem 11.11 



Theorem II .11 is a consequence of the lower bound and the blowup result about nonlinear 
differential inequalities in Lemma 12. II 

To outline the method, we will introduce the following functions: 



F (t) = / u(x,t)(po(x)dx, 



(3.1) 



u(x,t)ipi(x,t)dx, rpi(x,t) = (j)\(x)e *, 



here 4>q(x) and 4>i(x) are as in Lemma 12.21 and Lemma 12.31 The assuptions on u imply that 
Fo(t) and F\(t) are well-defined C 2 -functions for all t. By a standard procedure, we derive a 
nonlinear differential inequality for Fo(t). We also derive a linear differential inequality for 
Fx(t) and combine these to obtain a polynomial lower bound on Fo(t) as t — > oo. 
To this end, we first establish the following lemma: 

Lemma 3.1. Let (f,g) satisfy (jl.5p . Suppose that problem (jl.ip has a solution (u,ut) 6 
C([0,T), H 1 ^) x L 2 (n c )), such that 

supp(u,u t ) C {(x,t) : \x\ < t + R} n (fi c x #+). 

TTzen for all t > 0, 



1 



> 77(1 - e~ )e / 1/0*0 + g(s)]^i(x)dx + e^s / f {x)(j) 1 {x)dx > ec > 0. 

2 JQc 
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Proof. We multiply (jl.ip by the test function ipi G C 2 (Q C x i?) and integrate over Q c x [0, t], 

then we use integration by parts and Lemma 12.31 

First, 

nipi(di(aij(x)dju) - u u + \u\ p )dxdr = 0. 
A c 

By the expression tfji(x,t) = 4>\{x)e~ t and Lemma 12.31 we have 



nipidi(aij(x)djii)dxdT - 
A c 



^i<iij{x)djU ■ riidS — I (aij(x)diip\)djudx 
an ' Jn c 



dr 



t 

aij(x)di^i ■ u ■ rijdS — I dj(ciij(x)diipi)udx 
dn Jfi c 



nipiudxdr, 
A c 



d,T 



by the expression of ipi(x,t), we get (V>i)t = —ipi, (^l)tt = ^l- So we have 

nipiuudxdr = \ \ [d T (^iu T ) — (tpi) T u T ] dxdr 
a° Jo Jq c 



^)\u T dx\ T= t — \ ipi u rdx\ T= Q + / / ipiUrdxdr 
iff Jo Jn c 

/ ^)\u T dx\ T= t — j ip\u T dx\ T= Q + I I [d T (ipiu) — (ipi) T u] dxdr 
Jn c Jn c Jo Jn c 

/ ipiu T dx\ T=t ~ / ip\U T dx\ T =Q + / ^iudx\ T=t - / ipiudx\ T = + 
Jci c Jn c Jn c Jn c Jo Jq 



- j {ipiiit + uipi) dx — e \ <pi{x)g{x)dx — e I (fii(x) f {x)dx + I j ipiudxdr. 
Jci c Jn c Jn c Jo Jn c 

Combining the above equalities, we have 

nipi\u\ p dxdr = / {ifjiut + ijjiu) dx — e I (pi{x)[f{x) + g{x)\dx. 
a c Jn c Jn c 



We notice that 



(ipi ut + ipiu) dx = — f {ipiu)dx — j (tpijtudx + / ipiudx 

ln c Jn c is! c 



dt 



dt 



{4>\u)dx + 2 / ifiiudx 
n c Jn c 



So by ipi > 0, we have 
dfi(t) 



dt 



+ 2F 1 (t) = [ [ \u\ p ipi(x, T)dxdr + e [ 4>i{x) [f (x) + g(x)} dx 
Jo Jn c Jn c 

> e [f{x)+g(x]} c/)i(x)dx. 
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Multiplying the above expression by e 2t , we obtain 

d(e 2t F 1 ( t)) ^ J* 
dt 



>e M e I [f{x)+g{x)}(t> 1 {x)dx, 



and integrating the above differential inequality over [0,t], we get 

1 



e^F^t) - iq(0) > -(e zt - l)e / [f(x) + g{x)] 4> x {x)dx. 
1 Jn r - 

Observing -Fi(O) = / u(x,0)tpi(x,0)dx = e I f{x)(j)\{x)dx. So, by the property of the 

Jn c Jn c 
function f(x) and (f>i(x), we arrive at 

Fi(t) > 1(1 - e~ 2t )e [ \f{x) + g(x)] <f^(x)dx + e~ 2t e [ f(x)Mx)dx > ec > 0. 

Thus we obtain the lower bound in Lemma 13.11 □ 

Next We shall show that Fq (t) satisfies the differential inequalities in Lemma 12.11 for 
suitable a, q. For this purpose, we multiply (jl.ip by 4>q and integrate over f2 c . We note that 
for a fixed t, u(-,t) G HQ(D t ) where D t is the support of u(-,t). Hence we can use integration 
by parts and Lemma 12.21 
First, 

[4> di(aij(x)dju) - (j) u a + \u\ p (po] dx = 0. 



Since 



4>o 9i (a; L j (x)dju)dx 



4>oaij(x)djU ■ riidS — / di4>odij(x)djudx 

-( / aij{x)di4>ou ■ rijdS - I dj(aij(x)di<p )udx ) (3.2) 
\Jdn Jn c 



/ dj(aij(x)di(j)o)udx = 0. 



So we get 



d 2 F (t) 



\u(x, t)\ p (po(x)dx. 



dt 2 j Q c 

Estimating the right side of the above equality by the Holder inequality, we have 

u(x, t)(j)o(x)dx 



u(x, t) [0 O (x)] 1/p [0o (x)]( p ~ 1)/p dx 



n c n{\x\<t+R} 



< / \u(x,t)[Mx)] 1/p \ P dx 

Wn c n{|a;|<t+i?} 



1/p 



Q c n{\x\<t+R} 



\[Mx)] (p ~ 1)/p \ pl 'dx 



i/p' 
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where p' = p/(p — 1), this implies that 



/ u(x, t)4>o(x)da 



< 



{|a;|<t+i?}nn c 



\u(x, t)\ p (j)o(x)dx 



p-1 



{\x\<t+R}nn c 



4>o(x)dx 



< ( / \u(x,t)\ p (j) (x)dx 



So we have 



f \u(x,t)\*Mx)d 



X > 



{\x\<t+R}nn c 



u(x, t)4>o(x)dx 



<fio(x)dx 



p-i- 



{\x\<t+R}nn c 



4>o(x)dx 



By Lemma 2.2, we have 



{\x\<t+R}nn c 
Therefore 



(j>o(x)dx < 



{\x\<t+R} 



ldx < Vol{x :\x\<t + R} = Vol(B n )(t + R) n . 



\u(x, t)\ p <f>Q(x)dx > 



\J nc u(x,t)(j) (x)dx\ p _ 
[Vol(B n )(t + R) n ]P~ 1 ~ [VoliB^P- 1 ■ (t + R) n ^- 1 ) ' 



\m)\ p 



Thus 



d 2 F (t) 
dt 2 



> k{t + R)~ n <*-V -|F (t)| p , 



(3.3) 



where k = [VoZ(B n )]~«'~ 1 ) > 0. So Fq satisfies the differential inequality (2) in Lemma l2.H 
To show that Fq admits the lower bound (1) in Lemma [2. 11 we relate d 2 Fo(t) / dt 2 to F\ using 
again (jl.ip and the Holder inequality. 
Since 

u(x, t)ipi(x, t)dx 



f 



n c n{\x\<t+R} 



u(x,t)[Mx)\ 1/p ■ lMx)\- 1/p ■ M*,t)dx 



< 



1/p 



n c n{\x\<t+R} 



\u(x, t)\ p ■ 4>o(x)dx 



i/p> 



n c n{\x\<t+R} 



\[Mx)\- 1/p -Mx,t)\ P 'dx 



< / \u(x,t)\ p ■ 4> (x)dx 



i/p 



(p-i)/p 



Q c n{\x\<t+R} 



io(x)]- 1/(p - 1} • [^{x^f/^dx 



where p' = p/(p — 1), this implies that 



u(x,t)ipi(x,t)dx 
< ( / \u(x,t)\ p ■ (j)o(x)dx 



p-i 



Q c n{\x\<t+R} 



&o(x)]- 1/(p-1) • [i)x{x,t)f/^- l Ux 
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By (|3.ip . the above becomes 
d 2 F (t) 



dt 2 



u(x, t)\ p 4>o(x)dx 



> 



u(x, t)ipi(x, t)dx 



p-i 



Q c n{\x\<t+R} 



\w)\ l 



p-i- 



Q c n{\x\<t+R} 



In the following, we will estimate the numerator and denominator, respectively, and provide 
a lower bound on d 2 F$/dt 2 . 

By the Lemma 13.14 we have 

|iW > £ p (c ) p > 0. (3.4) 
Also, by the Lemma 12.51 we know that 

bo(x)]- 1 ^- 1 ^ ■ lMx,t)} P/(P ~ 1] dx < C 5 (t + jR )n-l-(n-l)p'/2 > (3 5) 



in c n{\x\<t+R} 

where p' = p/{p — 1) and C5 is a positive constant. 
So by combining (|3.4p and (j3.5fl . we obtain 



d 2 F (t) > \F x {t)\*> 



dt 2 ~ / r \ p- 1 

. in c n{|x|<t+_R} 



[C 5 (t + J R)"- 1 -(™- 1 )p'/2]P- 1 

^L^ + i?)-^- 1 )^/ 2 - 1 ), 
where L = e p c^C 5 ^ p ^ > 0. Integrating twice, we have the final estimate 



F (t) > 5(t + R )n+l-(n-l)v/2 + + Fo ( ), 

dt 



with constant 



6 = - = > 0. 

[n — \{n — l)p + l][n — i(n — l)p] [n — \{n — l)p + l][n — |(n — l)p] 

When 1 < p < pi(n), it is easy to check that n + 1 — (n — l)p/2 > 1. Hence the following 
estimate is valid when t is sufficiently large: 

F (t) > \5{t + R)n+l-(n-l) P /2. ( 3 . 6 ) 
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Estimates (|3.3p together with f|3.6|) and Lemma 12.11 with parameters 



a = n + 1 — (n — l)p/2, and q = n(p — 1) 

imply Theorem 11.11 for all exponents p such that 

(p — l)(n + 1 - (n - l)p/2) > n{p - 1) - 2 and p > 1. 

It is easy to see that the solution set is p £ (l,pi(n)), so by Lemma 12.11 all solutions of 
problem with nontrivial nonnegative initial values must blow up in finite time. 

Also, recall from Lemma l2.lt we have the following estimate for the life span T(e) of 
solutions of (jl.ip as follows: 

T(s) < c(i£)~(p-i>«-«+2 



(p-i) 



Al (e P ) (p-l)("+l-(n-l)p/2)-n(p-l)H 



p(p-l) 

A,£ (p-l)(l-(r>-l)p/2) + 2 

2p(p-l) 

^4 l£ 2 +(n+l)p-(n-l)p2 ^ 



(3.7) 



where A% is a positive constant which is independent of e. The proof of Theorem 11.11 is 
complete. 

4 The proof of Theorem 11.21 



By the expression ipi(x, t) = e l 4>i{x) > 0, we have (V'i)t = — ipi, an d di(ciijdjipi(x, t)) 
ipi(x,t), in Q c x (0, +oo). So ip% satisfies 



di(aijdjipi(x,t)) = ipi(x,t), in Q c x (0, +oo), 
■0l|9nx(o,+oo) = 0, 

\x\ ->■ oo, ipi(x,t) -4- e~* / e x ' u dw, for i > 0. 



(4.1) 



We multiply (|1.2p by function and integrate over f2 c , then we use integration by 
parts and Lemma 12.31 
First, 

/ ipi(u tt ~ di(aij(x)dju))dx = I ipi\u t \ p dx. 
Note that for a fixed t, u(-,t) E H^Dt), where Z?t is the support of u(-,t). Hence by 
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integration by parts and Lemma 12.31 we have 



ip\di{aij(x)dju)dx = I (di[ipiaij(x)dju] — diipia,ij(x)dju)dx 



/ tpi<iij(x)djU ■ riidS — / (aij(x)diijji) ■ djudx 
Jan ' Jvl c 



aij{x)diip\ ■ u ■ rijdS + / dj{aij{x)diip\)udx 
an iff 



dj(ciij(x)di^i) ■ udx = I ip\ ■ udx. 
n c Jn c 



Combining the above two identities, we conclude 



ipiuu - ipi ■ udx = I tpi- \u t \ p dx. 
o c Jn c Jn c 



(4.2) 



Notice that 

— / ipiu t dx = I (ipi ■ u tt - u t ^i)dx, (4.3) 



dt 



(4.4) 



f (ipiu)dx = f [(ipi)t ■ u + u t ■ ipi] dx = f [ip! ■ u t - uipi]dx. 
Adding up the above two expression, we obtain the following 

(■ipiut + ipiu) dx = / (ipi ■ u tt ~ u ■ ipi)dx = / ipi ■ \u t \ p dx. (4.5) 
Jn c Jn c 



d_ 

dt 



So we have 



(ipiut + tpiu) dx = / (4>x u t + ipiu) dx\ t =o + / / ipi ■ \u T \ p dxdT 
Jn c Jo Jn c 

e(j) 1 {x)[f(x)+g{x)]dx+ I I ^i-\u T \ p dxdT (4.6) 
n c Jo Jn c 

> / e<pi{x)g{x)dx + / / tpi ■ \u T \ p dxdT. 
Jn c Jo Jn c 

Adding two expressions (|4.2p and (|4,6p . we have 

{ipiuu + ipiut) dx > / ipi ■ \u t \ p dx + / / tpi ■ \u T \ p dxdr + e / 4>\{x)g{x)dx. 
n c Jn c Jo Jtt c Ja c 

(4.7) 

Also, we know that 



dt 



/ tpxUtdx + 2 I ipi-u t dx = I [ipiuu + u t (ipi)t + 2ipiu t ] dx 

(4.8) 

(ipiuu + ipiut) dx. 
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So we have 



d 



ipiUtdx + 2 I ipi ■ utdx > / ipi ' \ u t\ p dx + / / ■ \u T \ p dxdr + e / (f>\{x)g{x)dx. 
n c Jn c Jn c Jo Ja c Ja c 



(4.9) 



To show the blowup property, we define the following auxiliary function 



G (t)= [ ipwtdx-l- I f 4>i-\u T \ p dxdT I <j) 1 (x)g(x)dx. (4.10) 
Jo c 1 Jo Jn c 1 Jq c 



We note that, when t = 0, 

Go( o) - . f - f I = | / > o, 

JJi c 2 iff 1 

and we have 

d „ f . , . , . 1 



-G (t) = / (Vi^t - «t^i) dx-- I Vi • KRx. (4.11) 



Hence, we conclude that 
^G (t)+2G (t) 



1 



(V»i«tt + u t ip\) dx - - / ipi ■ \u t \ p dx - / / ipi ■ \u T \ p dxdr - e \ 4> 1 (x)g(x)dx 
1 Jn c Jo iff Jn c 

> I ^i-\u t \ p dx+ I I ipi ■ \u T \ p dxdr + e f <pi(x)g(x)dx — — f %[>i\ut\ p dx 
Jn c Jo Jn c Jn c 2 J^c 

— I / iftx ' \u T \ p dxdr — e / <j)\{x)g{x)dx 
Jo Jn c Jn c 

= \ I Wt\ p dx > 0. 

(4.12) 

Multiplying the above differential inequality by e 2 *, we get the following expression 

| (e*G (t)) > 0. 

So for V t > 0, we have e 2t G {t) > G o (0), that is G (t) > e- 2t G {0) > 0. 
By ([SD]) , we have for Vi > 0, 

ipiu t dx>- I I ■ \u t \ p dxdT + ^ I 4>i(x)g(x)dx. (4-13) 
n c 2 ,/ j^c z j nc 

Let 

1 /"/■,,,„, . £ 



^(*) = o / / ^1 • Kl^dr + - / <t> x {x)g(x)dx, t > 0. (4.14) 
1 Jo Jn c 1 Jn c 

Then we have 

/ ^ x u t dx > F(t), for V t > 0. (4.15) 
Jn c 

Next we only need to prove that F(t) blow up. 

From the expression of F(t), we get for V t > 0, F(t) > 0, and F'(t) = — f ipi ■ \ut\ p dx. 

2 J nc 

Estimating the right side of F'(t) by the Holder inequality, we have 
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\ut(x,t)\ p ijjidx > 







p 




Jo, c 





p-i' 



ipidx 



Q c n{\x\<t+R} 



By Lemma 12.61 we know that for V t > 0, 



/ 



{\x\<t+R} 



ihdx < C 8 (t + R) 



(n-l)/2 



(4.16) 



where Cs is a positive constant. 
Therefore we conclude that 



F'(t) =\f • \ut\ p dx > \- 
1 Jn c z 



ut(x, t)ipidx 



p-1 



ip%dx 



n c n{\x\<t+R} 



(4.17) 



>C 9 



/ u t {x,t)i> 



\dx 



>C 9 - 



(t + R)(n-l)( P -l)/2 ~ y ( t + fl )(n-l)(p-l)/2 ' 

By the property of Ricatti equation, we know that when (n — l)(p — l)/2 < 1, the 



solution of the initial-boundary value problem (|1.2p blow up. 
In detail, let 

M = o / ^i{x)g{x)dx. 
Then F(t) satisfies the following problem 

F'(t) > C 9 



(t + fl)(n-l)(p-l)/2' 

k F(0) = Me. 

Now we introduce a function f(t) satisfying the following Ricatti equation 

\v(t)f 



(4.18) 



( t + ^)(n-l)( P -l)/2' 



(4.19) 



k u(0) = Me. 

So the life span of F is less than that of v which will be the upper bound of T(e). 
Thus, in the case (n — l)(p — 1) < 2, integrating (|4.19|) . we get 



)(t) = [(Me)-^ 1 ) + c'R 1 -^- 1 )^- 1 )/ 2 - C'(t + fl)i-(»-i)(p-i)/2] -— j (4.20) 



where 



Thus 



c 



c 9 (p-i) 



l-(n-l)(p-l)/2 - 



r(e) < ^ i-("-Vp-i)/2, 
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where A 2 is a positive constant which is independent of e. 
When (n — l)(p — 1) = 2, integrating (|4.19]) . we get 

v(t) = [(Me)-^-V - C" In (^)] , (4.21) 

where 

C" = C 9 (p-l). 
T(e) < exp(B 2 e-( p -V), 
where B 2 is a positive constant which is independent of e. This ends the proof of Theorem 

Ed 
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